Abstract This paper surveys fractional-order electric circuit models that have been reported in the literature to best fit experimentally collected impedance data from energy storage and generation elements, including super-capacitors, batteries, and fuel cells. In all surveyed models, the employment of fractional-order capacitors, also known as constant phase elements, is imperative not only to the accuracy of the model but to reflect the physical electrochemical properties of the device.
Introduction
Modeling of energy storage and generation elements used in hybrid and renewable energy sources is crucial for future development of these sources [1] . Of specific importance are super-capacitors, batteries and fuel cells [2] . A survey of published fractional-order models has been carried out and is presented in this work. These models provide best fit to experimentally measured impedances and/or transient responses and employ one or more constant phase element (CPEs) [3] ; also known as the fractional-order capacitor [4] .
From a circuit theory perspective, it is possible to define a general frequency-domain electrical impedance which is proportional to s a ; s ¼ jx. This device is known as a fractance [5] from which classical circuit elements are special cases of the general device when the order a is À1, 0, and 1 for a capacitor, resistor, and inductor, respectively. A CPE (or fractional-order capacitor) is characterized by the impedance Z CPE ¼ ð1=C a Þs a ; where C a is termed pseudo-capacitance with units F/sec ð1ÀaÞ , and a is the order. These units were originally proposed in [6] . A CPE has a phase angle, / CPE ¼ ap=2 which is constant, independent of frequency and dependent only on the order a. While a 2 R is mathematically possible, the values from experimentally collected data of CPEs are in the range of 0\a 1; therefore, it has also become known as a fractional-order capacitor.
A number of recent surveys and special issues have focused on the applications of fractional-order circuits and systems in general [7] and particularly in industrial automation [8] . Meanwhile, energy storage components and particularly electrochemical double-layer capacitors [9] [fabricated to provide high and very high capacitances (super-capacitors)], as well as batteries are critical components in hybrid energy systems which require accurate models for these devices [10] . Although there exists a considerable mass of research on the modeling of these devices, a survey focusing on fractional-order models has not been conducted. It is the purpose of this paper to fill this gap.
storage for wind turbines [11, 12] , renewable energy sources [13] , hybrid and electric vehicles [14] , biomedical sensors [15] to wireless sensor nodes [16] . Traditionally, these elements have been modeled using RC networks to describe their behavior over wide frequency bands, with larger frequency bands requiring a greater number of parameters [17] . However, recent work has employed the concept of fractional impedances to model and describes the behavior of these components [9] . Fractional models have been investigated for applications that include:
-Impedance modeling of nickel finer mesh for simulation and design of elements in pulse power systems [18] ; -Modeling high power performance to characterize super-capacitor capabilities [19] ; -Modeling the impedance of super-capacitors over finite frequency bands to reduce the required model parameters [20] [21] [22] ; -Modeling the transient characteristics from very small (seconds) [23] to very large (months) timescales [24] ; -Measurement of fractional characteristics from transient behavior [25, 26] ; -Modeling and control of super-capacitor systems using fractional state-space models [27] and fractional linear systems [28, 29] ; -Implementation in a buck-boost converter for power electronics [30] .
A simple super-capacitor model derived from the porous electrode behavior of super-capacitors is shown in Fig. 1a . This model comprises a series resistor, R 0 , and a CPE [31] with an impedance given by
This model has been used in [19] to model the impedance in the frequency range from 10 mHz to 1000 Hz and [20] in the frequency range 50-215 mHz with a 1 % 1 and 450 mHz to 100 Hz with a 1 % 0:5. It was also used in [26] to model the transient characteristics of commercial supercapacitors to a voltage-step input signal. For example, the step responses of 3 different 1F rated super-capacitors in the test circuit shown in Fig. 2a to an input step of 5 V are given in Fig. 2b . From the experimental datasets, the parameters of each super-capacitor model were found using a least-squares fitting applied to the step response:
where v o ðtÞ is the time domain output voltage and E a;b ðÁÞ is the two-term Mittag-Leffler function defined as [3]
Using least-squares fitting, the parameters of three commercial super-capacitors (KR, PM and BP) being modeled using Step-response test circuit and b measured and simulated step responses to a 5 V input collected from 1F rated capacitors from Cooper-Bussmann with part numbers KR-5R5V105-R, PM-5R0V105-R, and PB-5R0V105-R (a 1 % 0:53) indicating that it would be incorrect to assume the behavior of this capacitor being typical of a normal capacitor. Although all three super-capacitor are marketed with a 1F rated capacitance, the KR model has very different charging characteristics than both the PM and PB models, as seen in Fig. 2b . Another fractional model is given in Fig. 1b , which is composed of a series resistor and three CPEs. The impedance of this model is given by:
This model was used to represent the behavior of an HE0120C-0027A 120F super-capacitor in the frequency band 1 mHz-1 kHz [22] . This model is unique in that the order of the third CPE with impedance 1=C 3 s ða 1 þa 2 Þ is greater than 1, with a value of a 1 þ a 2 ¼ 0:2848 þ 0:866 ¼ 1:1508 reported in [22] , which has not previously been explored in literature.
The models given in Fig. 1 can be expanded [20] to include a fractional zero which may provide a better fit to experimental data than the all-pole models for some supercapacitors. The impedance of this model is given by
A simulated Nyquist impedance plot is shown in Fig. 3 using parameters extracted from EPCOS 5F super-capacitors (P/N: B49100-A1503-Q) [20] . The fractional behavior is obvious when compared to an ideal capacitor, which would appear as a vertical line on this plot, i.e., a pure imaginary impedance. The emergence of two zones, above and below ReðZÞ % 0:22 X, differentiates the super-capacitor from ideal capacitors and is attributed to the diffusion effect and electrode porosity [20] . This fractional behavior is frequently attributed throughout literature to the complex internal structure and electrochemical processes of the super-capacitors [9, 20] .
Battery models
Batteries are energy generation elements that are ubiquitous in the modern world. They are present in nearly every portable electronic system and every vehicle providing electricity from the microamps scale to the amps scale. Batteries generate their electricity from a multitude of different chemistries that are commercially available. Some of the most widely popular chemistries include leadacid, nickel-cadmium, and lithium-ion/lithium-polymer. Like super-capacitors, fractional-order circuit models have been employed to model the impedance of batteries because they show the best fit with experimental data and typically require fewer parameters than their integer-order counterparts. These fractional models have been investigated for applications that include:
-Modeling the impedance of lead-acid [32] , nickel/metal hydride [33] , and lithium-ion batteries [34, 35] in finite frequency bands; -Determining the relationship between fractional-order model parameters and state-of-charge of nickel-cadmium [36] , lithium-ion [37] [38] [39] , alkaline [40] , leadacid [41] batteries; -Designing high-power batteries based on the fractional contribution of the elements to total polarization [42] ; -State-of-health estimations based on parameters measured during the cranking function of lead-acid batteries in vehicles [43, 44] .
To represent the equivalent impedance of batteries; three examples with increasing complexity are given in Fig. 4a -c. The model given in Fig. 4a was proposed in [35] as a reference model for modeling the battery dynamics for the purpose of improving battery monitoring. This model is composed of four circuit elements including an inductor, two resistors, and a CPE with equivalent impedance given by:
The model was used to fit experimental data collected in the frequency range 100 mHz-5 kHz from a commercially available lithium-polymer battery produced by Kokam [35] resulting in a significant reduction in the inaccuracy of the battery's dynamic voltage response. The model given in Fig. 4b was used in [36] to determine the dependence of the state-of-charge of sealed nickel-cadmium cells on model parameters and has also Real Impedance ( ) −Imaginary Impedance ( ) Fig. 3 Simulated Nyquist plot of (5) using extracted fractional parameters from [20] been used in [34] to study lithium-ion batteries. This model incorporates four circuit elements; two resistors and two CPEs with impedance given by:
where, in [36] , R 0 represents the ohmic resistance, R 1 the charge transfer resistance, fC 1 ; a 1 g the double-layer capacitance, and fC 2 ; a 2 g the Warburg element (a CPE with a ¼ 0:5). This model was used to fit experimental data collected from approximately 2 mHz-250 Hz. The study found that with increasing state-of-charge, the ohmic and charge transfer resistances decreased and the double-layer capacitance increased, potentially providing a mechanism for estimating/monitoring the state-of-charge by measuring these fractional model parameters. Finally, the model given in Fig. 4c was proposed in [42] to analyze DC polarization to aid in the design of high-power cells. This model incorporates nine circuit elements, including an inductor, four resistors, three CPEs and a Warburg impedance with an impedance given by:
This model was used in [42] to fit data collected from 10 mHz to 100 kHz. The simulated impedance of (8) using parameters from [42] for a fresh battery is given in Fig. 5 . The three parallel R/CPE branches were introduced to model arcs in high and intermediate frequency ranges, which the authors commented could be due to the reaction in the solid electrolyte interface and the interfacial charge transfer reaction combined with the electrical double-layer capacitive behavior.
Fuel cell models
Fuel cells are energy generation elements that convert chemical energy into electricity and hold the promise of high efficiency and low pollution for applications including transportation and stationary electricity generation for domestic, commercial and industrial sectors [45] . There are multiple types of fuel cell technologies that are being pursued that include proton exchange membrane fuel cells (PEMFCs), solid oxide fuel cells (SOFCs), direct methanol fuel cells (DMFCs), and microbial fuel cells (MFCs) to name a few. Circuit models have also recently been applied to these elements, having been investigated for applications including:
-Monitoring the state-of-health of a PEMFC with respect to the water content of the membrane electrode assembly [46, 47] ; -Analyzing the reaction kinetics and interfacial characteristics of an anode in a DMFC [48] ; -Characterizing the output power dynamics of a SOFC for management by a control system [49] ; -Monitoring the anode colonization by electrode-reducing micro-organisms in an MFC [50] .
Three fuel cell models are shown in Fig. 6a -c. The model given in Fig. 6a was presented in [46] to monitor the state-of-health of the fuel cell with respect to the water content of the membrane electrode assembly. The proposed model incorporates two fractional elements, a CPE and a Warburg impedance. In this model, R m represents the ohmic resistance of the electrolyte, R p represents the polarization resistance due to the oxygen reduction reaction, fC 1 ; a 1 g represent the double-layer capacitance at the electrode/electrolyte interface, and C 2 represents a Warburg diffusion element. The impedance of this circuit is given as: Real Impedance ( ) −Imaginary Impedance ( ) Fig. 5 Simulated Nyquist plot of (8) using extracted fractional parameters from [42] ZðsÞ
This fractional model is accurate over a wide range of the fuel cell operating conditions with the resistances showing high sensitivity to the flooding or drying of the PEMFC membrane electrode assembly. Therefore, monitoring these parameters provides a means of detecting the state-ofhydration of the fuel cell; which is important because fuel cells require a steady water content in the electrolyte for efficient operation. The model given in Fig. 6b was presented in [49] to improve the control design for loadfollowing using model predictive control; which requires an accurate dynamic model. The model incorporates two CPEs to account for the behavior of the anode and cathode of the fuel cell in addition to R 0 , which represents the electrolyte resistance, fR 1 ; R 2 g which represent activation resistance of the anode and cathode, respectively, and fC 1 ; a 1 ; C 2 ; a 2 g which define the impedance of the electrical double layer. The impedance of this circuit is:
Using this model, parameters were estimated from experimental impedance data in the frequency band from 100 mHz to 100 kHz. The simulated impedance plot using the parameters from [49] is given in Fig. 7 . The contribution of the two CPEs is clearly seen as the overlapping arcs at low and high frequencies. This model was further used in [49] to design a control system for the management of fuel cell output power.
The model given in Fig. 6c was presented in [48] to model and analyze the reaction kinetics and interfacial characteristics of an anode in a DMFC. The circuit models the impedance of the fuel cell membrane, interface, and catalyst layers; incorporating two CPEs to account for the behavior of the anode-membrane interface and catalyst layer of the fuel cell. In this model, R m represents the membrane resistance while the interface impedance is modeled by a parallel combination of a resistor (R i ) and a CPE defined by an admittance constant (Q i ¼ 1=C i ) and order (a i ). The catalyst layer is modeled by a parallel combination of a resistor (R c ), a CPE defined by an admittance constant (Q dl ¼ 1=C dl ) and order (a dl ), and a series branch with resistance (R ct ) along with an inductance (L C0 ). The total impedance of this circuit is given by ZðsÞ ¼
The experimental results from 5 mHz to 10 kHz were fit with less than 1 % relative error, confirming the model accuracy. In [48] , the authors concluded that the use of CPEs supported the simulation of realistic reaction conditions with porous electrode and rough interface structures and improved the fit of experimental data over a wider frequency range than using a model with the traditional circuit elements.
Conclusion
We have surveyed published fractional-order circuit models that best fit experimentally collected impedance data of super-capacitors, batteries, and fuel cells. All surveyed models rely on using at least one fractional-order capacitor in an attempt to accurately capture the underlying electrochemical dynamics. This survey should also serve to Real Impedance ( ) −Imaginary Impedance ( ) Fig. 7 Simulated impedance plot of (10) using extracted fractional parameters from [42] Mater Renew Sustain Energy (2015) 4:9 Page 5 of 7 9
bridge the gap between the wide employment of fractionalorder impedances in bio-chemistry and their much less employment in circuit design.
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